The twisted cube is an important variation of the hypercube. It possesses many desirable properties for interconnection networks. In this paper, we study fault-tolerant embedding of paths in twisted cubes. Let T Q n (V , E) denote the n-dimensional twisted cube. We prove that a path of length l can be embedded between any two distinct nodes with dilation 1 for any faulty set F ⊂ V (T Q n ) ∪ E(T Q n ) with |F | n − 3 and any integer l with 2 n−1 − 1 l |V (T Q n − F )| − 1 (n 3). This result is optimal in the sense that the embedding has the smallest dilation 1. The result is also complete in the sense that the two bounds on path length l and faulty set size |F | for a successful embedding are tight. That is, the result does not hold if l 2 n−1 − 2 or |F | n − 2. We also extend the result on (n − 3)-Hamiltonian connectivity of T Q n in the literature.
Introduction
Interconnection networks play an important role in parallel computing systems. An interconnection network can be represented by a graph G = (V , E), where V represents the node set and E represents the edge set. In this paper, we use graphs and interconnection networks (networks for short) interchangeably.
Graph embedding is a technique that maps a guest graph into a host graph (usually an interconnection network). It is an important operation in interconnection networks for applications such as processor allocation, architecture simulation, VLSI design, and so on. Architecture simulation can be modelled as a graph embedding, which embeds the guest architecture into the host architecture of the simulation [12, [14] [15] [16] 29, [31] [32] [33] [34] . In parallel computing, a large process is often decomposed into a set of small subprocesses that can be executed in parallel. The communication relations among these subprocesses can be represented as a graph [7] . The problem of allocating these subprocesses into a parallel computing system can be modelled as a graph embedding problem. The problem of laying out circuits on VLSI chips can also be reduced to graph embedding problems [5, 25, 28] .
Graph embedding can be formally defined as: given two graphs G 1 = (V 1 , E 1 ) and G 2 = (V 2 , E 2 ), an embedding from G 1 to G 2 is an injective mapping : V 1 → V 2 . An important performance metric of embedding is dilation. The dilation of embedding is defined as
where dist(G 2 , (u), (v) ) denotes the distance between the two nodes (u) and (v) in G 2 . The smaller the dilation of an embedding is, the shorter the communication delay that the graph G 2 simulates the graph G 1 . Clearly, dil(G 1 , G 2 , ) 1 and dil(G 1 , G 2 , ) = 1 if and only if G 1 is a subgraph of G 2 (two isomorphic graphs are regarded as the same graph). It is known that finding the graph embedding with the smallest dilation is NP-hard in most of its formulations [3] .
In a large interconnection network, nodes or edges often have faults. It is very important to study graph embedding in the case where some nodes or edges in the host graphs have become faulty. It is desirable to find an embedding of a guest graph into a host graph where all faulty nodes and edges have been removed. This is called fault-tolerant embedding.
Many graph embeddings take paths, and cycles, trees and meshes as guest graphs [2, 4, 9, 12, 15, 16, [20] [21] [22] [23] 29, [31] [32] [33] [34] , because they are the common structures and have wide applications in parallel processing. In particular, paths are probably the most common structure of graph embedding in parallel computing. Paths are often used to model linear arrays [10, 26, 30] . Paths are also the main structures used in parallel sorting [8, 24, 27] .
Twisted cubes [1, 19] are important variations of hypercubes. It possesses some desirable features for interconnection networks [1, 19] . The diameters, wide diameters, and faulty diameters in twisted cubes are about half of those in comparable hypercubes [6] . A complete binary tree can be embedded into a twisted cube [2] . The t/k-diagnosability of twisted cubes is the same as that of hypercubes [11] . In particular, it was shown, respectively, that a twisted cube is a pancyclic graph [6] and that the n-dimensional twisted cube is (n − 2)-Hamiltonian and (n − 3)-Hamiltonian connected [23] . Recently, two stronger results on pancyclicity of twisted cubes were given in [14, 32] . It was proved that the n-dimensional twisted cube is edge-pancyclic [14] and (n − 2)-pancyclic [32] .
In this paper, we study fault-tolerant embedding of paths in twisted cubes. Let TQ n (V , E) denote the n-dimensional twisted cube and F denote a set of faulty nodes and/or edges in TQ n . We prove that a path of length l can be embedded between any two distinct nodes with dilation 1 for any faulty set F ⊂ V (TQ n ) ∪ E(TQ n ) with |F | n − 3 and any integer l with
Our result is optimal in the sense that the embedding has the smallest dilation 1. The result is also complete in the sense that the two bounds on path length l and faulty set size |F | for a successful embedding are tight. That is, the result does not hold if l 2 n−1 − 2 or |F | n − 2. We also extend the result on (n − 3)-Hamiltonian connectivity of TQ n in [23] .
The rest of the paper is organized as follows. Section 2 gives some definitions and notations. We prove the correctness of the result in Section 3. Finally, we conclude the paper in Section 4.
Preliminaries
Given a graph G, we use V (G) and E(G) to denote the node set and edge set, respectively. A path P between node u and node v in G is denoted by P : u = u (0) , u (1) , . . . , u (k) = v. P can also be denoted by: u = u (0) , u (1) , . . . , u (i−1) , P 1 , u (j +1) , u (j +2) , . . . , u (k) = v, where P 1 is a subpath of P between node u (i) and node u (j ) , i.e., u (i) , u (i+1) , . . . , u (j ) (0 i < j k). The path P 1 , starting from u (i) and ending with u (j ) , can be denoted by path (P , u (i) , u (j ) ). If u = v, then P is a cycle. If C is a cycle of G and (u, v) is an edge in C, we use C − (u, v) to denote the path between u and v after deleting the edge (u, v) in C. The length of the path P is denoted by len(P ). Let V (P ) and E(P ) denote the node set and edge set in P, respectively. For any two paths P and P in G, if V (P ) ∩ V (P ) = , we call P and P to be disjoint. The distance between u and v in G is defined as dist(G, u, v) = min{len(P )|P is a path between u and v in G}.
to denote the subgraphs of G induced by the node subset V and the edge subset E , respectively. Further, we use G − V and 
Let G 1 and G 2 be two subgraphs of G. We use G 1 ∪ G 2 to denote the subgraph induced by the node subset
A binary string u of length n is denoted by u n−1 u n−2 . . . u 0 . The complement of u i is denoted by u i = 1 − u i . In [19] , the n-dimensional twisted cube TQ n was defined. It is an n-regular graph with 2 n nodes and n2 n−1 edges, where n is an odd integer. We label all the nodes of TQ n by binary strings of length n. In this paper, we do not distinguish between the nodes of TQ n and their labels.
where is the exclusive operation. According to the definition of TQ n in [19] , we may give a recursive definition of TQ n for any odd integer n 1 as follows: Definition 1. The one-dimensional twisted cube TQ 1 is defined as the complete graph with two nodes labelled 0 and 1. For an odd integer n 3, the n-dimensional twisted cube TQ n consists of four subcubes TQ 00 n−2 , TQ 01 n−2 , TQ 10 n−2 , TQ 11 n−2 , where
and v satisfy one of the three conditions as follows: Fig. 2 shows TQ 5 . Rotating from left to right and from up to down to (a) and (b) in Fig. 1 , we can easily find the symmetric property of TQ 3 .
By Definition 1, we have:
In the following sections, the parameter n always denotes an odd integer.
Optimal fault-tolerant embedding of paths in twisted cubes
In this section, we are to prove the following result: For n 3, a path of length l can be embedded between any two distinct nodes with dilation 1 in TQ n − F for any F ⊂ V (TQ n ) ∪ E(TQ n ) with |F | n − 3 and any integers i and l with i ∈ {0, 1} and 2
We first need a series of lemmas as follows.
Lemma 1 (Huang et al. [23] [14] ). TQ n is edge-pancyclic for n 3.
Lemma 3. For any F ⊂ V (TQ
Proof. If |F | = 0, by Lemma 2, the lemma holds. Otherwise, |F | = 1. By the symmetry of TQ 3 , we only need to consider the following cases:
Case 1: F = {000}. Then we have the following three cycles C 1 , C 2 , C 3 of length 5 in TQ 3 − F : C 1 : 100, 010, 011, 001, 101, 100; C 2 : 100, 010, 110, 111, 101, 100; C 3 : 100, 010, 011, 111, 101, 100.
We can easily verify that each edge in TQ 3 − F is in one of the three cycles C 1 , C 2 and C 3 .
Case 2: F ⊂ {(000, 100), (000, 110), (000, 001)}. By Case 1, TQ 3 − {000} is a subgraph of TQ 3 − F . Thus, we only need to verify that there is a cycle of length 5 in TQ 3 − F such that C contains the two edges in {(000, 100), (000, 110), (000, 001)} − F (note that |F | = 1). Further, we only need to show that there is a path, in TQ 3 − {000}, of length 3 between any two distinct nodes in {100, 110, 001}. In fact, in TQ 3 − {000}, the paths of length 3 between any two distinct nodes in {100, 110, 001} are as follows: P 1 : 100, 101, 111, 110; P 2 : 100, 010, 011, 001; P 3 : 110, 111, 101, 001. Proof. Without loss of generality, we identify the following two cases.
Lemma 4. For any integer i ∈ {0, 1} and any
3 ). By Lemma 2, there is a cycle C of length 5 in TQ 0i 3 such that C contains (u, u ). Then,
3 ), u = u , and v = v . 3 ) with |F | 1 and any path P of length at least 3 in TQ 3 , there exists a cycle C of length 7 in
Lemma 5. For any F ⊂ V (TQ
Proof. Let P be any path of length at least 3 in TQ 3 . If |F | = 0, select an edge (u, v) in P. By Lemma 2, there exists a cycle C of length 7 in
Otherwise, |F | = 1. Without loss of generality, we only need to consider the following cases F = {000} or F ∈ {(000, 100), (000, 110), (000, 001)}. Clearly, C : 001, 011, 111, 110, 010, 100, 101, 001 is a cycle of length 7 in TQ 3 − F . Let E = {(000, 100), (000, 110), (000, 001), (010, 011), (101, 111)}. Then E(C) ∩ E = ∅ and E(C) ∪ E = E(TQ 3 ). Furthermore, considering that there is no path of length 3 in TQ 3 [E ], we have E(P ) ∩ E(C) = ∅. Lemma 6 (Fan et al. [13] ). For n 2, any u, v ∈ V (TQ n ) with u = v, and any integer l with dist(TQ n , u, v)+2 l 2 n − 1, a path of length l can be embedded between u and v with dilation 1 in TQ n .
Lemma 7 (Hilbers et al. [19] ). diam(TQ n ) = Proof. For any u, v ∈ V (TQ 3 ) with u = v and any integer l with 3 l 7, if (u, v) ∈ V (TQ 3 ), by Lemma 6, the lemma holds.
Otherwise, by Lemma 7, dist(TQ 3 , u, v) = 2. By Lemma 6, the lemma holds for any integer l with 4 l 7. Therefore, we only need to prove that there is a path of length 3 between u and v in TQ 3 . Considering the symmetry of TQ 3 , we may only consider the case for u = 000 and v ∈ {010, 011, 101, 111}. In fact, the following shows the paths of lengths 3 between 000 and every node in {010, 011, 101, 111} in TQ 3 : 000, 001, 011, 010; 000, 100, 010, 011; 000, 110, 111, 101; 000, 001, 011, 111. Lemma 10 (Huang et al. [23] ). TQ n is (n − 2)-Hamiltonian and (n − 3)-Hamiltonian connected for n 3.
Lemma 9 (Huang et al. [23]). For n 3, if TQ
From Lemmas 1, 9, and 10, we have the following corollary.
Corollary 1.
For n 3 and i ∈ {0, 1}, TQ 0i n ∪ TQ 1i n is (n − 1)-Hamiltonian and (n − 2)-Hamiltonian connected.
Lemma 11 (Yang et al. [32] ). TQ n is (n − 2)-pancyclic for n 3.
Lemma 12. For any integer
3 ) with |F | 1, and any integer l with
is a path of length l between any two distinct nodes in (TQ
Proof. We only give the proof for i = 0. By Lemma 1, TQ 01 3 ∪ TQ 11 3 is isomorphic to TQ 00 3 ∪ TQ 10 3 . So, the proof is similar for i = 1.
For any F ⊂ V (TQ 00 3 ∪TQ 10 3 )∪E(TQ 00 3 ∪TQ 10 3 ) with |F | 1,
3 ), and
3 ) for i ∈ {0, 1}. Without loss of generality, we assume |F 0 | |F 1 |. Then, F 0 = . By Corollary 1, we only need to prove that there is a 
Considering that y has 3 neighbors in TQ 10 3 , there is u ∈ V (TQ 00 3 ) − {x} and z ∈ V (TQ 10 3 ) such that (y, z) ∈ E(TQ 10 3 ) and (u, z) ∈ E((TQ 00 3 ∪ TQ 10 3 )−F ). By Lemma 2, there exists a cycle C of length l 1 +1 in TQ 10 3 such that (y, z) is in C (see Fig. 4 ). By Lemma 8, there exists a path P of length l 0 between x and u in TQ 00 3 . Then,
is a path of length l 0 + 1 + l 1 = l between x and y in (TQ 00 3 ∪ TQ 10 3 ) − F . Case 1.2: F 2 = . By Lemma 11, there exists a cycle C of length l 1 + 1 in TQ 10 3 − F 1 (see Fig. 4 ). Noticing that x is adjacent to at most one of the two neighbors of y in C and F 2 = F 0 = , we can select a neighbor z of y in C, such that (z, u) ∈ E((TQ 00 3 ∪ TQ 10 3 ) − F ) and u ∈ V (TQ 00 3 ) − {x}. By Lemma 8, there exists a path P of length l 0 between x and u in TQ 00 3 . Then,
is a path of length l 0 + 1 + l 1 = l between x and y in (TQ 00 3 ∪ TQ 10 3 ) − F . Case 2: x, y ∈ V (TQ 00 3 ). Since F 0 = , by Lemma 8, there is a path of length 7 between x and y in TQ 00 3 and thus in (TQ 00 3 ∪ TQ 10 3 ) − F . Hence, we only need to consider the case for 8 l 14 − |F V |. We identify the two cases as follows:
Case 2.1:
and l 1 = l−1 2 . Then 3 l 0 l 1 7 and l 0 + l 1 = l − 1. By Lemma 8, there is a path P of length l 0 between x and y in TQ 00 3 . Since len(P ) 2 10 3 ) and an edge (u , v ) in P such that (u, u ), (v, v 00 3 ∪ TQ 10 3 ) − F ). By Lemma 2, there is a cycle C of length l 1 + 1 in TQ 10 3 such that C contains (u, v) (see Fig. 5 ). Without loss of generality, we assume that u is between x and v in P. Thus, path(P, x, u ), C − (u, v), path(P , v , y) is a path of length (l 0 − 1) + 2 + l 1 = l between x and y in (TQ 00 3 ∪ TQ 10 3 ) − F . Case 2.2: F 2 = . Then F 1 = F . We deal with the two cases as follows:
2, by Observation 1, there is an edge (u, v) ∈ E(TQ

) ∈ E((TQ
Case 2.2.1:
By Lemma 8, we can select a path P of length l 0 between x and y in TQ 00 3 . By Lemma 11, there exists a cycle C of length 7 in TQ 10 3 − F 1 . By Lemma 5 and Observation 1, there is an edge (u, v) in C and an edge Fig. 5 ). Without loss of generality, we assume that u is between x and v in P. Hence,
path(P, x, u ), C − (u, v), path(P , v , y)
is a path of length (l 0 − 1) + 2 + 6 = l between x and y in (TQ 00 3 ∪ TQ 10 3 ) − F . Case 2.2.2: 8 l 12−|F V |. Let l 0 = l−5. Then, 3 l 0 7− F V 7. By Lemma 8, there is a path P of length l 0 between x and y in TQ 00 3 . Considering that TQ 10 3 [E(TQ 10 3 )−E(TQ 10 3 −F 1 )] is an empty graph or a graph with diameter at most 2, by Observation 1, there is an edge (u , v ) in P and an edge (u, v) ∈ E(TQ 10 3 −F 1 ) such that (u, u ),(v, v ) ∈ E((TQ 00 3 ∪TQ 10 3 )−F ). By Lemma 3, there is a cycle C of length 5 in TQ 10 3 − F 1 such that C contains (u, v) (see Fig. 5 ). Without loss of generality, we assume that u is between x and v in P. Thus,
is a path of length (l 0 − 1) + 2 + 4 = l between x and y in (TQ 00 3 ∪ TQ 10 3 ) − F . Case 3: x, y ∈ V (TQ 10 3 ). The case for F 1 = is actually reduced to Case 2.1.
For F 1 = , we have F 2 = and F 1 = F . By Lemma 11, there is a cycle C of length 8 − |F V 1 | in TQ 10 3 − F 1 . We have the following two cases: Fig. 6(a) ). Then, 3 k 7 − |F V 1 |. Obviously, for any integers l 10 and l 11 with 1 l 10 8 − |F V 1 | − k and 1 l 11 k − 2, P 10 : TQ 00 3 . Selecting appropriate values 1 for l 0 , l 10 , and l 11 , we can let l 0 + l 10 + l 11 + 2 = l and thus P 10 , P 0 , P 11 is a path of length l between the nodes x and y in (TQ 00 3 ∪ TQ 10 3 Fig. 6. (b) ). Then, for any integer l 1 with 1 (2) , . . . , x (l 1 +1) is a path of length l 1 in (TQ 10 3 ) − F 1 . Further, let u and v be the neighbors of x (l 1 +1) and y = x Case 1: x, y ∈ V (TQ 00 3 ). By Lemma 8, there is a path P 00 of length l 00 between x and y in TQ 00 3 for any l 00 ∈ {6, 7} (see Fig. 7(a) ). Considering that both x and y are adjacent to two 1 In this paper, we use the following fact: given four integers a, b, c, and nodes in F, by Definition 1, there exists a node z in P 00 such that z is adjacent to one node in {u, u } or one node in {v, v } and z / ∈ {x, y}. Without loss of generality, we assume that z is adjacent to u. Let z be the neighbor of z in TQ 10 3 . By Definition 1, (z , v) ∈ E(TQ 5 − F ). Clearly, we can select an edge (z, w) in P 00 such that z is between x and w in P 00 . Let w be the neighbor of w in TQ 10 3 . By Observation 1, (z , w ) ∈ E(TQ 10 3 ). By Lemma 2, for any integer l with 4 l 8, there is a cycle C 01 of length l in TQ 10 3 such that C 01 contains (z , w ). Then, z , w is a path of length 1 and C 01 − (z , w ) is a path of length l − 1 between z and w in TQ 10 3 , which means that there is a path P 01 of length l 01 between z and w in TQ 10 3 for any integer l 01 ∈ {1, 3, 4, . . . , 7}. Thus,
is a path of length (l 00 −1)+l 01 +(l 1 −1)+3 = l 00 +l 01 +l 1 +1 between x and y in TQ 5 − F . Selecting appropriate values 2 for l 00 , l 01 , and l 1 , we can let l 00 + l 01 + l 1 + 1 = l and thus get a path P of length l between x and y in TQ 5 − F .
Case 2: x ∈ V (TQ 00 3 ), y ∈ V (TQ 10 3 ). Let z and z be the neighbors of u and v, respectively, in TQ 00 3 ∪ TQ 10 3 . Since both x and y are adjacent to two nodes in F, by Definition 1, we have z ∈ V (TQ 00 3 − {x}) and z ∈ V (TQ 10 3 − {y}), or z ∈ V (TQ 00 3 − {x}) and z ∈ V (TQ 10 3 − {y}). Without loss of generality, we assume z ∈ V (TQ 00 3 − {x}) and z ∈ V (TQ 10 3 − {y}) (Fig. 7(b) ). By Lemma 8, for any integers l 00 and l 01 with 3 l 00 , l 01 7, there is a path P 00 of length l 00 between x and z in TQ 00 3 and a path P 01 of length l 01 between z and y in TQ 10 3 . Then,
is a path of length l 00 + l 01 + (l 1 − 1) + 2 = l 00 + l 01 + l 1 + 1 between x and y in TQ 5 − F . Selecting appropriate values for l 00 , l 01 , and l 1 , we can let l 00 + l 01 + l 1 + 1 = l and thus get a path P of length l between x and y in TQ 5 − F . Based on the above lemmas and Corollary 1, we show the following important theorems and corollaries. for any
Lemma 14. For n 5, if there is a path of length l between any two distinct nodes in (TQ
with |F | n − 4 and any integers i and l with i ∈ {0, 1} and
there is a path of length l between any two distinct nodes in TQ
Proof. In fact, if F = , by Lemma 6, the theorem holds. Therefore, we only need to consider the case for F = .
For n 5, suppose that TQ 0i n−2 ∪ TQ 1i n−2 satisfies the conditions for any integer i ∈ {0, 1}. In what follows, we will prove that the conclusion for TQ n holds.
For any
∪ TQ 1i n−2 ) for any integer i ∈ {0, 1}. By Lemma 10, we only need to prove that there is a path of length l between x and y in TQ n − F V for any x, y ∈ V (TQ n ) − F V with x = y and any integer l with 2 n−1 − 1 l 2 n − |F V | − 2. Without loss of generality, we assume that |F 0 | |F 1 | and identify the following cases.
Case 1: F 2 = , or F 0 = and F 1 = . Then |F i | n − 4 for any integer i ∈ {0, 1}. We further consider the following subcases: Fig. 8 (a) ). Since |F i | n − 4 for any integer i ∈ {0, 1}, there is a path P 0 of length l 0 between the nodes x and u in (TQ 00 n−2 ∪ TQ 10 n−2 ) − F 0 and a path P 1 of length l 1 between the nodes v and y in (TQ 01 n−2 ∪ TQ 11 n−2 ) − F 1 for any integers l 0 and l 1 with 2 n−2 − 1 l 0 2 n−1 − |F V 0 | − 1 and
is a path of length l 0 + l 1 + 1 between the nodes x and y in TQ n − F . We can always select appropriate values for l 0 and l 1 such that l 0 + l 1 + 1 = l and thus P is a path of length l between the nodes x and y in TQ n − F . Case 1.2: x, y ∈ V (TQ 00 n−2 ∪ TQ 10 n−2 ). Since |F 0 | n − 4, for any integers l 0 with 2 n−2 − 1 l 0 2 n−1 − |F V 0 | − 1, there is a path P 0 of length l 0 between the nodes x and y in (TQ 00 n−2 ∪ TQ 10 n−2 ) − F 0 (see Fig. 8(b) ). Considering that len(P 0 ) is a path of length (l 0 − 1) + l 1 + 2 = l 0 + l 1 + 1 between the nodes x and y in TQ n − F . We can always select appropriate values for l 0 and l 1 such that l 0 + l 1 + 1 = l and thus P is a path of length l between the nodes x and y in TQ n − F .
We further consider the following subcases:
Case 2.1: (1) , . . . , v (l 1 ) and P 2 :
are two paths of lengths l 1 in C. of generality, we assume that u is adjacent to v (l 1 ) (see Fig.  9(a) ). Since u = x and |F 0 | = 0, for any integers l 0 with 2 n−2 − 1 l 0 2 n−1 − 1, there is a path P 0 of length l 0 between the nodes x and u in TQ 00 n−2 ∪ TQ 10 n−2 . We can select appropriate values for l 0 and l 1 such that l 0 + l 1 + 1 = l and thus
is a path of length l 0 + l 1 + 1 = l between the nodes x and y in TQ n − F . Case 2.2: x, y ∈ V (TQ 00 n−2 ∪ TQ 10 n−2 ). For n = 5, if x and y are adjacent to two nodes in F 1 , by Lemma 13, the theorem holds; otherwise, we have the following cases (a) and (b).
(a) n = 5. Then at least one of the two nodes x and y is adjacent to one node in (TQ 01 n−2 ∪ TQ 11 n−2 ) − F 1 . Without loss of generality, we assume that u = x is adjacent to one node in (2) , . . ., x (2 n−1 ) = y, of length 2 n−1 − 1, between x and y in TQ 00 n−2 ∪ TQ 10 n−2 . As a result, there exists an integer i with 1 i n − 4 such that x (i) or x (2 n−1 −i+1) is adjacent to some one node in (TQ 01 n−2 ∪ TQ 11 n−2 ) − F 1 (otherwise, all the nodes in {x (1) , x (2) , . . . , x (n−4) } ∪ {x (2 n−1 ) , x (2 n −1 −1) , . . . , x (2 n−1 )−(n−5) } are adjacent to nodes in F 1 and thus |F 1 | |{x (1) , x (2) , . . . , x (n−4) } ∪{x (2 n−1 ) , x (2 n −1 −1) , . . . , x (2 n−1 )−(n−5) }| = 2(n − 4) > n − 3, a contradiction to |F 1 | n − 3). Without loss of generality, let u = x (k) (k n − 4) be the first node that is adjacent to one node in (TQ 01 n−2 ∪ TQ 11 n−2 ) − F 1 in the sequence x = x (1) , x (2) , . . . , x (2 n−1 ) = y.
According to the discussion in the cases (a) and (b), there always exists a path x = x (1) , x (2) 
is a path of length l 0 + l 10 + l 11 + 2 = l between the nodes x and y in TQ n − F . Case 2.3.2: (x, y) ∈ E(TQ 01 n−2 ∪ TQ 11 n−2 ) (see Fig. 10(b) ). Let C be x = x (1) , x (2) , . . . , y = x
For any integer l 1 with 1 l 1 2 n−1 − |F V 1 | − 2, let P 1 denote the path x = x (1) , x (2) , . . . , x (l 1 +1) . Then, P 1 is a path of length l 1 in (TQ 01 n−2 ∪ TQ 11 n−2 ) − F 1 . Further, let u and v be the neighbors of x (l 1 +1) and y, respectively, in TQ 00 n−2 ∪ TQ 10 n−2 . Then, u = v. Since |F 0 | = 0, for any integer l 0 with 2 n−2 −1 l 0 2 n−1 −1, there is a path P 0 of length l 0 between u and v in TQ 00 n−2 ∪ TQ 10 n−2 . Selecting appropriate values for l 0 and l 1 , we can let l 0 + l 1 + 2 = l and thus P 1 , P 0 , y is a path of length l 0 + l 1 + 2 = l between the nodes x and y in TQ n − F . Proof. By Lemma 8, the corollary holds for n = 3. By Lemma 12 and Theorems 1 and 2, the corollary still holds for n 5.
Similarly, we have the following result.
Theorem 2. For n 3, there is a path of length l between any two distinct nodes in (TQ 0i n ∪TQ 1i n )−F for any F ⊂ V (TQ 0i n ∪ TQ 1i n )∪E(TQ 0i n ∪TQ 1i n ) with |F | n−2 and any integers i and l with i ∈ {0, 1} and 2 n − 1 l |V ((TQ 0i n ∪ TQ 1i n ) − F )| − 1.
In fact, Theorem 1 is equivalent to the following corollary:
Corollary 2. For n 3, a path of length l can be embedded between any two distinct nodes with dilation 1 in TQ n − F for any F ⊂ V (TQ n ) ∪ E(TQ n ) with |F | n − 3 and any integer l with 2 n−1 − 1 l |V (TQ n − F )| − 1.
Remarks. The conditions in Theorem 1 or Corollary 2 are tight in the following senses:
(1) For n 3, if l 2 n−1 − 2, then the theorem does not have to hold. For example, there is no path of length 2 between any two adjacent nodes in TQ 3 .
(2) For n 3, if |F | n − 2, then the theorem does not have to hold. For example, let F = {000}, then there are no paths of lengths 3 and 5 between the two nodes 100 and 101 in TQ 3 − F.
Conclusions
We have proved that a path of length l can be embedded between any two distinct nodes with dilation 1 for any faulty set F ⊂ V (TQ n ) ∪ E(TQ n ) with |F | n − 3 and any integer l with 2 n−1 − 1 l |V (TQ n − F )| − 1 (n 3). This result is optimal in the sense that the embedding has the smallest dilation 1, and the result is also complete in the sense that the two lower bounds |F | n − 3 and l 2 n−1 − 1 for a successful embedding are tight. We also extend the result on (n−3)-Hamiltonian connectivity of TQ n in the literature [23] . Recently, some researchers considered building terabit routers with specific interconnection networks and obtained desirable results [17, 18] . Our future work is to study the building terabit routers in the environment of twisted cubes.
